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Quantum impurity systems

Small system: the “impurity”
● few degrees of freedom
● can be interacting 

Large system: the “environment”
● continuum degrees of freedom
● noninteracting

Examples:

●    spin + fermionic bath: 
Kondo model

●    spin + bosonic bath: 
spin-boson model

●    spin + fermionic bath
+ bosonic bath: 

   Bose Fermi Kondo model
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H K=J S
†
0s0∑

k 

k ck 
† ck 

S=1/2 single channel Kondo model 

Kondo model:

The system forms a singlet (the impurity gets “screened”) below the Kondo temperature

T K=D e
−

1
2 J 0 as seen in

cloc~
T
T K
, loc~

1
T K
,  K T −K 0~− TT K 

2

, T≪T K

Where is the other part of the singlet? What is its extent?

Comparing the competing kinetic and “binding” energies

K

k F
−1
=
F
T K

 K=
vF
T K

K
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S=1/2 single channel Kondo model 

K

How to compute spatial correlations with NRG?
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… …

impurity

● NRG discretization parameter
   Λ > 1
● Logarithmic discretization

● Mapping onto a semi-infinite
   chain
   ξ

 n
 ~ Λ-n/2 

● Iterative diagonalization

K.G. Wilson, RMP 47, 773 (1975)
Review: R. Bulla, T. A. Costi, Th. Pruschke, RMP 80, 395 (2008)
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Numerical renormalization group (NRG)

Consequences of logarithmic discretization:

✔ simple truncation scheme
✗  bad resolution at finite energies
✗  bad spatial resolution away from the impurity

f 0

f 1

f 2

f 3

f 4

…

f 0 f 1 f 2 f N

The spatial extent of f states grows as ~k F
−1

N /2

How to compute spatial correlations?

…

K.G. Wilson, RMP 47, 773 (1975)
Review: R. Bulla, T. A. Costi, Th. Pruschke, RMP 80, 395 (2008)



30.09.2008 Conference on Concepts in Electron Correlations, 
Hvar 24-30 September, 2008

Intermezzo: NRG for the two impurity problem
B.A. Jones, C.M. Varma, and J.W. Wilkins, PRL 61, 125 (1988)  
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Intermezzo: NRG for the two impurity problem
B.A. Jones, C.M. Varma, and J.W. Wilkins, PRL 61, 125 (1988)  
J.B. Silva et al., PRL 76, 275 (1996)

[J.B. Silva et al., PRL 76, 275 (1996)]

[J.B. Silva et al., PRL 76, 275 (1996)]

● 3D expression
● ρ1/2

e/o
(ε)

(In case of 2 impurity problem
 ρ

e/o
(ε) was evaluated at the

 Fermi energy)
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Now: forget about the second impurity!

impurity another point
where we need good resolution
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Now: forget about the second impurity!

impurity another point
where we need good resolution

0  x 
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Now: forget about the second impurity!

impurity another point
where we need good resolution

0  x 
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both for even and odd channel:
● logarithmic discretization
● mapping onto Wilson chains
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The chain parameters
and

depend on the density of states

(of course,                                      )
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
e
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The chain parameters
and

depend on the density of states

(of course,                                      )
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S=1/2 single channel Kondo model 

t=0  x =〈S
†
 x s x 〉t=0

A measure of the Kondo correlations:

Sum rule (consequence of the singlet ground state):

∫
0

∞

t=0  x dx=−
3
4
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S=1/2 single channel Kondo model 

t=0  x =〈S
†
 x s x 〉t=0

A measure of the Kondo correlations:

Sum rule (consequence of the singlet ground state):

∫
0

∞

t=0  x dx=−
3
4

L. Borda, PRB 75, 041307(R) (2007)



30.09.2008 Conference on Concepts in Electron Correlations, 
Hvar 24-30 September, 2008

S=1/2 single channel Kondo model 

t=0  x =〈S
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A measure of the Kondo correlations:

Sum rule (consequence of the singlet ground state):
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S=1/2 single channel Kondo model 

Does the length scale      show up in the charge oscillations?K

● Spin-charge separation? How can a purely spin-dependent interaction
   affect the charge density?

● What about electron-hole symmetry? 

One can be skeptical:

G. Grüner and C. Hargitai, Phys. Rev. Lett. 26, 772 (1972).
D. Šokčević, V. Zlatić, and B. Horvatić, Phys. Rev. B 39, 603 (1989).
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S=1/2 single channel Kondo model 
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S=1/2 single channel Kondo model 

Does the length scale      show up in the charge oscillations?K
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S=1 single channel Kondo model: 
the “Kondo underscreening cloud” 

H K=J S
†
0s0∑

k 

k ck 
† ck  S=1

S=1 single channel Kondo model:

The low energy physics described by “singular” Fermi liquid
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S=1 single channel Kondo model: 
the “Kondo underscreening cloud” 

H K=J S
†
0s0∑

k 

k ck 
† ck  S=1

S=1 single channel Kondo model:

The low energy physics described by “singular” Fermi liquid

∣S =0∣=1

Regular Fermi liquid:

S  analytic around =0

∣S =0∣1

Non Fermi liquid:
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S=1 single channel Kondo model: 
the “Kondo underscreening cloud” 

H K=J S
†
0s0∑

k 

k ck 
† ck  S=1

S=1 single channel Kondo model:

The low energy physics described by “singular” Fermi liquid

∣S =0∣=1

Regular Fermi liquid:

S  analytic around =0

∣S =0∣1

Non Fermi liquid:

∣S =0∣=1

Singular Fermi liquid:

S  singular around =0
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S=1 single channel Kondo model: 
the “Kondo underscreening cloud” 

H K=J S
†
0s0∑

k 

k ck 
† ck  S=1

S=1 single channel Kondo model:

The low energy physics described by “singular” Fermi liquid

as seen in

=


2
−

1
4 lnT K /

 inel ~
1

ln2 T K /
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S=1 single channel Kondo model: 
the “Kondo underscreening cloud” 
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Summary

● NRG for spatial correlations
● Kondo screening cloud 
  (and charge oscillations)
● Kondo “underscreening cloud”

Future

● Kondo “overscreening cloud”


